Quaternion Space-time (Part 2):
Pauli Matrices and Dirac Matrices
The Pauli matrices are defined as follows:

{01 (0 —i (1 0
= 1 0) 270 o) 27 Lo -1

Their multiplication table is:

X I o1 092 g3
I |1 o1 09 o3
o1 | o1 I 103 | —109
g9 | 09 *7;0'3 I ’iO’l
g3 | 03 iOQ —iUl I

There is an isomorphism from the span of the quaternions {1, 1, j,k} to
the span of {I,io1,i09,i03,} given by (1,i,j,k) < (I, —io1, —io2, —io3) or
by (1, i,j, k) — (I, 103,102, iUl).

The Lie group SU(2) given by {al +bi—cj+dk : a? +b* + %+ d? =1}
is diffeomorphic to S = {al + bi + ¢j + dk : a® + b + ¢? + d*> = 1} and has
as generators the set {i, —j,k} ~ {—io1,i02, —iog}. SU(2) is used in the

description of electroweak interactions and beta decay.

The Dirac matrices (in contravariant form) are:

0 _ IQ 0 1 _ 0 g1
v 0 —12 v —01 0
0 o 0 o

2 _ 2 3 _ 3

Their multiplication table is:

v ~0 A1 2 3
~0 T AOAT [R072 [ 3043
Y =AY =T | —iosI | ool
V2| =492 | dosl —I | —ioll
V3| =93 | —iool | i1 —I

and in terms of quaternions



0 1 2 3

X gl gl gl gl
~0 Ji AOAT 3042 [ 4043
Y A T ] K| ST
V=92 —kI | =T | iI
3T _~03] ; 3 _
Y= il I
The D’Alembert operator C%g—; — V2 in the relativistic wave equation

(Bdm — Vv =0

can be expressed as C%g—; —-V2= (%70% + ’yl% + 728% + 73%)2.
We can construct a representation of the quaternions in Myx4(C):
(11,4, k) = (1,7*7%, 7%y, v19?)

It is not difficult to check that this construction produces the required
properties of quaternions.

Consider the following matrices in Myx4{0, £1}*:

1000
010 0
Eo=109 01 0
000 1
0 -1 0 0
1 0 0 0
Bi=19 o -1
0 0 1 0
0 0 0 1
0 0 -1 0
Be=1 09 1 0 o
-1 0 0 0
0010
000 1
Es=11 090 0
010 0



E;

= o o O

_ o oo O~ OO

[an)}

1
0
0

0 0

0 -1
0 0
0 0
0 1
-1 0
0 O
0 0
0 0
0 O
0 -1
1 0
0 0
0 0
-1 0
0 -1

Their multiplication table is

X EO El E2 E3 E4 E5 Eﬁ E7
Eo|Ey| E1 | Eo | E5 | Ey | E5 | Es | Er
Ev|Ey|—Ey| Es | —FEy| E5 | —FEy| FEr | —FEg
By | By | BEs | —FEo | —E, | BEs | E» | —E, | —E5
Es | FE3 | —FEy | —FE1| Ey | B7 | —Fg | —E5| Ey
Ey | Es| Bs | —Eg | —E7 | —Ey | —E, | By | Es
Es | Bs | —Ea | —E- | Eg | —E, | Eo | BEs | —E»
Ee¢|Es| Er | Ey | E5 | —FEy| —F3 | —Fy | —F
E;|\E7|—Fg| Es | —FE4| —FE3| Ey | —FE1| Ey
We observe that

X E() E2 E4 E6

Eoy | Ey| Eo | Fy | Es

Ey | Ey| —FEy| Eg | —E4

Ey | Ey| —Eg | —Eo | Eo

E¢ | Es| Ey | —E2| —Ep

has the same multiplicative structure as the quaternions:




X1 i j k
11 i j |k
ili|—-1| k | —j
Jlil-k|-1] i
klk|j|-i|-1

giving the isomorphism (1,1, j,k) <> (Eo, E2, E4, Eg).

Using the correspondence (1,1, j,k) <> (I, —ioy1, —iog, —ios),

X EO E3 E5 E7
Eoy| Ey| B3 | E5 | Ex
Es|Es| Ey | —FEs| Ey
Es | Es| E¢ | Eo | —Eo
Er | Er | —Ey| Ey | Ep

has the same multiplic

ative structure as the Pauli matrices:

X I o1 092 g3
I |1 o1 09 o3
o1 | o1 I 103 | —109
o9 | 09 | —t03 I 101

03 | 03 i02 —iUl I

giving the isomorphism (I, 01,09, 03) <> (Ey, E3, Es5, E7).

The group E = {£FEy, £F,+FEy,+FE3,+F,, +FE5,+Fg, £FE;} contains
the Pauli matrices {E3, F5, E7} as a subset and the quaternion group
{xEy, £FEs,£E4, £Es} as a subgroup. Any group containing the Pauli ma-
trices must also contain the quaternion group as a subgroup. FE is the

smallest such group with that property.

Since F7 commutes with the other E’s we can write

X E1 E3 E1 E5 E1 E7
E\E3| —Ey | Eg | —Fy
E\E5| —FE¢ | —Eo | FE»
E\E7| Ey —Fy | —Ey

Then using the following table:



% ~0 A1 -2 A3
,.YO T ,YO,Yl ,YO,Y2 7073
YA AT K T
V=92 kI | -1 il
3T _~0~3 | 3 3 _

ol Yoy jI il 1

we observe there is an isomorphism (Ey, E1 E3, E1E5, E1E7) < (I, 72, +3).

The group F = {£10, £41, £92, 93, 19091 £4992 44043 £1 +i 4j, £k}
contains the Dirac matrices {7°,v,+2,7} as a subset and the quaternion
group {£1,=+i,£j, £k} as a subgroup. Any group containing the Dirac
matrices must also contain the quaternion group as a subgroup. F' is the
smallest such group with that property.

Note that E can be written as E = {+Fy, +E1, £ Fo, + F3, +Ey, £ F5, +Fg, £ E7}
= {1, +i1, 4, il +j, +ij, £k, +ik).

We can find the solutions of the Dirac equation in terms of the E's de-
fined above.

Since F? = —Ej, E = E10, is the energy operator and p; = —FE10; is
the i-th momentum operator, the Dirac Hamiltonian can be written as

0 -F Din— Ey O
H=-Y _ n (n=1)/2 ) 4y
" 3"”( E, 0 ) (p(nn/g 0 K
Recall that —E3E1 = EQ, —E5E1 = E4, and —E7E1 = Eﬁ. Assume
. A . Vr, Ey 0 oYL
Hyy = EvYyp and HiYyp = —Evygk. Then setting H = ,
YL Y and HYp Yr n setting . 0 —& dov'n

we can write the Dirac equation as

Ey 0 dovr
0 —-E QYR
0 -—-E, Op /2L, Ey O YL
+E n/2 —~ =0
240 ( E, 0 ) ( an/2w3> m( 0 Ey )\ ¢r
which gives us the two equations:

E10001 — (Bn=24,6En0,/2)Yr = mEyL
ElaowR_(Zn:2,4,6Enan/2)wL = —mE0¢R



Since F10y is the energy operator the above equations are equivalent to

By — (Zn=24,6En0n2)vr = mipr (1)
By — (Xn=246E00,2)0 = —mypg (2)
Then
211:2,4,6-Enan/2
Yn=24,6En0y)2
= 9 = 4
(O E+m (473 (4)

Writing 7 = 3,22 4,6Fn 0, /2 and substituting (4) into (1):

(B —m)yr —ngtmvr =0

n? = (E20; + E40y + Eg0,)? = —02 — 85 —0?

and since —E10; = p; and E? = —Ey we have n? = p?

(B —m)yr — nglybr = 0 implies

(B —m)r — E%niﬂL = 0.

Then [(E +m)(E —m) — p*Jtby, = 0.

So, (E? — p? —m?)y, = 0 and similarly (E? — p? — m?)ygp = 0. Since

the wave functions are assumed to be non-zero, E? — p?
consistent with the 4-vector magnitude-squared.

= m?, which is

Recall that —FsFE; = F>, —EsFE| = E4, and —FE7;F; = Eg so we can
re-write equations (3) and (4) as:

—Yn=357EnFE10(n-1)/2

Y = Fop YR (5)
—Yn=3571E0FE100m-1)/2
YR = m VL (6)

Recall that —F10; = p; so we can re-write equations (5) and (6) as:

Yn=357EnDP(n-1)/2

Y1, = T VR (7)
_ En=35,7EnD(n-1))2
YR = Etm YL (8)
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We can write En:37577En]§(n,1)/2 as:

p= 0 Pa Dy
a0 B =By B
ﬁx _ﬁy _ﬁz 0
ﬁy ]5:1: 0 _ﬁz

Then we have the following products:

01 0 p, 0 0 —p Do
II = N - and II = Y
0 0 Dy D 0 1 0 —p,

For E > m two linearly independent solutions are

p, O 10
0 p 0 1 _ _p.
=4 z Ey(Et—pT)
(b [E+m Pz _py + 0 0 ]e
Dy Pz 0 0
and
Px Dy 00
71 —Py Pz 0 0 —E1(Et—p-T)
o=lmm| 0 0 | T 10|k
0 —p. 0 1

p: 0 10
0 »p 0 1 _
=1 = _ E1(Et—pT)
v=lem | p S, 00 |
Dy Dz 0 0
and
Dz Dy 0 0
71 —DPy D=z _ 0 0 Ei(Et—p-T)
o=le=m | o 1o |
0 —p. 01
10 00
. 0 1 0 0 .
The matrices 0 0 and 10 correspond to the two spin states
00 0 1

of a particle.



Verification of solutions:

Case F > m with spin '+

p, 0 1 0
0 »p 01 _ _D.
1 2 E1(Et—p-T)
d) [E+m yZ _py + 00 ]6
Py Pz 0 0

[Elat — <Zn:2,4,6En8n/2)]¢

10
= 01 —E1(Et—pT)
=B oo |
0 0
p: 0
0 4 —_ —_ .
—(Zn=246En0p2) 7 | Pz | ,~E1(Bt-pT)
px _py
ﬁy ﬁx
10
0 1
= F —E1(Et—p-T)
10 00 |
0 0
10
S EnPn 01| pimn.
~(Bn=246En0y2) == g | o | PP
0 0
E 0
= 0 E e~ E1(Et—PT)
0 0
0 0
10
S,5.7 o 01| wim o
~(Sn=2,4,6 Bnly ) == 0 00 |€ E1(Et=PT)
0 0

= By — (Bn=24,6Fn0,/2)VR.

Furthermore, Ety, — (Xn=2,4,6En0y/2)Yr = myr,



because (Sn—2.4.6En0n/2) (Bn=.5.1Enbn-1)/2) = (Bn=35.71Enb(n-1)2)"
=P + Py +

2 2 2
and B — PtPutPe 0 Gice (E —m)(E+m)— (p2+p2+p?) =0.

E+4+m

Case E > m with spin -’:

Pz Dy 0 0
1 | TPy Px 00 — By (Et—p-T)
o=lmm | 0 [T o |
0 —Dz 0 1
[Elat - (Zn=2,4,6Enan/2)]¢
00
= 00 —E1(Et—p-T)
= FE10; P
0 1
e Dy
—(X E,. 0 1 | "Dy D —E1(Bt-p-T)
(Cn=24.6En0ns2) g |- e
—Dz 0
0 _ﬁz
00
= 00 —E(Et—p-T)
= FE10; T
0 1
0 0
_ (En:274,6Enan/2) En:S,S,éEl;rﬁl(n—l)/Q (1) 8 e*El (Etfp-r)
0 1
0 0
= 0 0 e~ E1(Et—PT)
E 0
0 F
0 0
Yn=3,5,7EnD(n— 0 0 _ o
~(Bn=2a6En0yy2) == g | ] | PP
0 1



= EvYr — (Bn=24,6E10,/2)YR-

Furthermore, Evy, — (Xn=2,46En0,/2)Yr = myL,

because (Xn=2,4,6En0n2)(Cn=357EnDn-1)/2) = (Zn=357EnD(n-1)/2)*
= p2 + P2 + p?

and E — pi;i# = m since (E —m)(E +m) — (p2 +p§ +p2) =0.

Case E < —m with spin '+:

p, 0 10
otpta | n |0 e
z Dy
Py D 0 0
[E10 — (En=274,6Enan/2)]¢
10
_ 0 1 | E(B-pr)
= Elat 0 0 €
0 0
p. 0
0 D _p.
—(Zn=24,6En0n2) 72m | Pz | eB1(Bt-pT)
Pz —DPy
Dy Dz
10
_ 0 1| g (Bi-pr)
= Elat 0 0 (&
0 0
1 0
Yn=3,57EnP(n_1)/ 0 1 Ei(Et—Pp-
_(Zn:2,4,6En6n/2) E—m He 00 e H(BEpT)
0 0

cE1(Et—pT)

o o oy
oo o

10



Yn=3,57EnP(n— _D-
_(En=2,4,6Enan/2) n Eim( /2 eE1(Et—pT)

OO O
oS O = O

= EYr — (En=24,6Fn0y2)VL-

Furthermore, Evr — (8n=24,6Fn0,/2)%L = —myR

because (Xn=24,6En0n/2)(Xn=357EnDn-1)/2) = (En=375,7E"7§(n—1)/2)2
= Py + Dy + P?

and E — L;@ﬂtpg = —m since (E +m)(E —m) — (p3 + p + p?) = 0.

Case F < —m with spin -

Dz Py 0 0
2 | Py P | _ 1 0 0 | E(E-pr)
0=l -p. O 1o |l
0 —Dz 0 1
[E10 — (Sn=2,4,6En02)|¢
0 0
— 0 0 El(Et—p~I')
= —FE10; Lo |©
0 1
Dz Dy
_(En=2,4,6Enan/2)ﬁ _lzy P 6E1(Et—p~r)
—Dz 0
0 _ﬁz
0 0
_ 00 E1(Et—p-T)
=-F10; 10 e
01
0 0
Snes5.7 Ba(n 00 .
—(En=2,4,6En0y, jp) =22 P/ Lo oF1(Bt—pT)
01

11



cE1(Et—pT)

oo o
o oo

Yn=3,5,7EnPn_1)/2
—(Sn=2,4,6En0,, o) =2 nt)]

O = OO

= EYRr — (Zn=24,6Fn0p/2)VL-

cE1(BEt—p-T)

= o O O

Furthermore, Evgr — (Xn=24,6Fn0,/2)¢1 = —myr

because (n=2,4,6En0y/2)(En=357Enb(n-1)/2) = (En=357EnD(n-1)/2)*

= Py + b, + P2

2 2 2
and E — Z2PCPE -y gince (E+m)(E—m)— (p? —|—p§ +p?) = 0.%*

E—m

Lorentz Invariance of Dirac equation:

E, 0 oL,
0 —-E OoYr

+Xp=246 < E, 0 > ( Onj2¥R ) -

Setting the Lorentz transform A = AT =

we have by direct calculation

Ei 0 (E o
e )-8 )

and

0 —En _ 0 _En
(2 v )e(2 )

Then applying the Lorentz transform

12

(o)

cosh(a) sinh(a))
sinh(a) cosh(a)



E 0
r( Er

v,
+3n—246AT (

a/,d)l

A 0% L

>[ (aawsq>]

0 -FE o
n A n/Q L

B, 0 >[ (a;/zwgi

which is equivalent to

Eq
wr(

0
—E;

+Yn=246[AT (

and

Ey 0
0 -E

+Xp=246 <

0
En

a/ w/
Ja( k)

0 -E, ;/21//[/
foo )l

I

0ot
¥R

-k, a;L/Qw,L =m
0 O )~

The Dirac Matrices in Mg,g{0,+1}:

The Pauli matrices are:

or, in terms of 4 x 4 matrices

o1 =FE3=
o3 =FE7 =
The Dirac

I
0 __ 2

SO = O~ OO

0

01 0
0 00| B
100
0 0 0
1 0 0
0 -1 0
10 -1

matrices are:

0
I

1: 0 Ul
v —o1 O

0,2k

o O O

)l

)= (.

v
Uk

/
L

Uk

)

/
L
/

R

)

o O O =



or in terms of 8 x 8 matrices

0
0
0
0
-1
0
0
0

1 0 00
0100

0010

0

0
0

00 01
0 00O

-1

0000

0000

0 00O

0 j—
_EO -

Ey
0

,70

i
oOo-Hoo0o oo oo o o OOOO_OOOO
— o000 o oo - o . _
cCcoo 00 oo cCo | oo oo
OO —H O OO OO o © 001000000
—

cccococJoo — O O~ ocococococoo

— —

B o 7 o O ocoooo
cocooco T ooo o oo oo o
o o o
coocococoo coococo T oo
_ oo o _

— — —
coocococo o o o | ccocoo T ooco
VN VN N
g o~
SIS SIS @ e
gl 0 o~
° 5 ° & °
Il Il Il
— [a\} [ap)

- - -

Their multiplication table is:

14



X ,YO ,yl 72 ,)/3
'70 T ’)/0")/1 ,YO,Y2 7073
,.Yl _,YO,YI iy "}/1’}’2 ,Yl,y?)
,Y2 _,y(],y2 _7172 7 7273
YA A A T
Referring back to the table:

X ,YO ,Yl 72 ,YS

,.YO T ,}/0,),1 ,.YO,Y2 ,.YO,Y?)
Y =AY T | kI | =51
V=AY kI | -1 | il
VA i | i | -1

We can use the current table to construct a representation of the quater-
nions in Mgyg{0,+1}:
(1,1,4,k) = (I,7**,7v*y',7"%)

It is not difficult to check that this construction produces the required
properties of quaternions.

Above we wrote the Dirac equation as::

E, 0 oL,

0 —-F OoYr
0 —En an/gi/)[, EO 0 wL _
e (5,50 ) (e ) (5 5) () =0

Eo
0

0
—Ey

o1,
OoVr

On—1)2VL

Multiplying through by E; and changing sign throughout gives
On-1),2VR

0 E,
+En:3,5,7( _E, 0 > )
0 E YR
which gives the more familiar form of the equation

15



oL E, 0 YL
o +m =0
”(éwR) (0 E)(w
Writing this as (Y90, +v10,+729,++%9.) ( Z; ) = —m( %1 ]gl ) (
and applying the operator on both sides gives

Ey O YL, _ Ey O YL,
(&8 )ur-aaom(G )= (5 2)(4)

since the gammas anti-commute. A further discussion of the Klein-
Gordon equation appears below.

The above gives two equations
Eo(8F — 07 — 82 — 02)¢r, = —m?Egyr, and
Eo(07 — 07 — 0y — 02)Yr = —m*Egbr

The equation (97 — 9% — 85 —0?)p = —m?4) applies to spin-less particles.
However, Dirac particles satisfy the above two equations component-wise.

Proceeding in reverse, so to speak, we begin with

Ey 0 YL\ _ Ey 0 YL,
(5 R Jora-amm () (5 2) ()

and factor the operator

(Y20 + 702 + 7%y +7°0:)? < Zﬁ; )

_ Ey 0 0 1 9 3 Y,
= m<0 El>(70t+73x+78y+73z) .

Canceling the operator on each side restores the original Dirac equation

E;y O
(Y°0: + 7102 + 7?0y ++20.) ( Z}Z ) = —m< o B, ) ( Z; )

restoring the spin characteristics of the solutions 1 = VL

Yr )

16



Spinors:

Let ¢, 1 = 1,2,3,4 be 2 x 2 matrix blocks.

(1
For ¢ = ( iL ) = 2’22 an 8 X 2 spinor we can define its conjugate
R 3
B Py
¢* =97 and ¢ = p*4°.
Then for
FE 0 0 0 Pz 0 Pz Py
0 E 0 0 0 Dz —Py Pz
0 0 E 0 Dz  —Dy -p. 0
0 0 0 E Dy D 0 —p:
w E { pZ O ) px py ) E 0 ) 0 0 }7
0 p. —DPy Dz 0 E 0 0
Pz —Dy —Pz 0 0 0 E 0
Py Pz 0 -—p. 0 0 0 F
o E2 - p2 . p2 o pQ 0
= ¥~ = + z Yy Z is Lorentz
Y = P*yEY 0 B2 —p? —p2—p?

invariant where £ corresponds to particle/antiparticle.

Rotation of Spinors:

a —b
b a a+ b .

Let e —d ~<C+Zd>bea4x2sp1nor.
d c

furthermore, let n = m(nxl +nyj +n.k) define the unit vector

T y z
axis of the spinor.
Then n = W(ang +nyE4 + n.FEg) and the rotation operator

is
R(0) = cos(8/2)Ey + sin(0/2)(ny Bz + nyE4 + n. Eg).

Then written out explicitly,

17



a —b
R(9) g o
d c
cos(6/2) nysin(0/2) —nysin(0/2)  ngsin(6/2) a —b
| —nesin(/2)  cos(8/2) —ngsin(0/2) —nysin(0/2) b a
nysin(0/2)  nysin(6/2) cos(0/2) —n,sin(6/2) c —d
—ngsin(0/2) nysin(0/2)  n.sin(0/2) cos(0/2) d ¢

The Dirac Equation of a Charged Particle in an Electro-magnetic
Field:

We can write the equation

oL E;r 0 YL\ _
() (8 R ) () -
as

Ey 0 81/1L EO 0 wL _
(8 a) () (8 2 ) ()=

We transform the momentum operator p; — p; + qEgA; where A is an
electromagnetic vector potential. That is, £10; — E10; — qFpA;.

Then we can write Xn—3 5 7En(Dn-1)/2 + L0 Am-1)/2) as:

D2 + qEo A, 0 Dz + qFEoA, ﬁy + qEOAy
I = 0 P>+ qEpA, _ﬁy - qEOAy Pz + qE0 A,

Pe +qE0As  —Dy — qE0Ay  —p. — qEoA; 0

ﬁy + qEOAy Dz + qEOAx 0 —pz — qEOAz

Then we have the following products:

ﬁz + qEOAz 0

0 ﬁz + qEOAz
Dz + qEoA, _ﬁy - qEOAy
ﬁy - qEOAy Do + qEOAx

OO O
O O = O

18



0 0 Pz + qE0 A, ﬁy + qEOAy

0 0 _ —Dy — qEOAy Pz + qE0 A,
and ILH 0 | = | . gEoAL 0

0 1 0 _ﬁz - qEOAZ

For E > m two linearly independent solutions are

0 P, + qA 01 _ _p.
S P z 2 E1(Et—p-T)
¢ [E+m Pz + qAz —Dy — qu + 0 0 Je
Py +qAy  Pe+ gl 00
and
Pz + qAx Dy + qu 0 0
71 —py —qAy Dz +qAs 0 0 — By (Et—p-T)
=z —p, — A, 0 1o |k
0 —p, — qA, 0 1

For £ < —m two linearly independent solutions are

Dz + QAZ 0 1 0

¢ = [ 0 petads 0L g mep)
E=m Pz + qAz —Dy — qu 0 0

Dy + qu Pz + qAs 0 0
and
¢ =gt Py — qiy Pz +0qu - ? 8 JeF1(Bt=pT)

B —Pz — qAz
0 —Dz — qu 0 1

As in classic E-M theory, the gauge can be varied.

Let A; — AL = A; + 9;x(x). Then the solution 1 = e~ #19X¢) since
(E10; — qEo Ay = qEoOixy' + e P1XEy 0itp — qEg Al

= e F1XqEyd;xtp 4+ e F1XE 1 031p — e F1XqEy(A; 4 0ix) Y

= e FX[qEgd;x + E10; — qEoAi — qEodix)]Y)

= e PUX[E0; — qEy Ay

So, the equation

19



(7 el ) e (8 8 )] () -m (% 2 ) (8 ) =0
is equivalent to
(7 el ) e (8 ) () -m (% 2 ) () =0

e~ F1ax traces out a circular path around a torus and is isomorphic to
S'. The group {e %1% : § € R(mod2r)} ~ U(1).

Isospin:

The theory of isospin uses the same mathematics as that developed for
intrinsic spin.

Recall the Pauli matrices are:

(o1 (0 i (10
1=\ 10) 270 o) P 0o -1

and their multiplication table is:

X I 01 (o) g3
I |1 o1 09 o3
o1 | o1 I 103 | —iog
o9 | 02 | —t03 1 101
o3| o3| oy | —toy I

Let 27 = 01, 219 = 09, and 273 = 03.

Then the 7 multiplication table is

X I 27‘1 27’2 27’3
I I 27‘1 27‘2 27’3
27’1 27’1 I 2i7’3 —2@7’2
219 | 2719 | —2iT3 I 211

213 | 213 | 2010 | —2i7 I

Just as for intrinsic spin we have S = %U where 0 = 01 + 09 + 03 and
S? = 1(0? + 03 + 03) = 21 we also have T' = 7 where 7 = 7 + 72 + 73 and
T? = 1(0? + 0} +03) = 11

20



1 0
Let p = ( 0 > represent a proton and n = < 1 ) represent a neutron.

They are to be regarded as the same particle in different isospin states.

The operator 27 transforms between the two isospin states

. 0 1 1 01 0
thatls,271p—<1 0><0>—nand2ﬁn—<1 O><1>—p

We can calculate the effects of 75, and 73 on n and p.
) =1in

0 —1 0 ) 0 —1
2T2n:<i 0><1>:—1pand272p—<i O)(
1 0 0 1 0
27'3n—<0 _1><1>——nand27'3p—<0 _1>< )-p

We can form raising and lowering operators as
Ty =T +img = 01 and 7 =7 —iTg = 00
+=T1 2= 0 o - =T 2= 1 0

ceatvrin= (0 4 ) (1) =9 )=
e (1) (3)-(2)

The Klein-Gordon Equation:

O = O =

The Klein-Gordon equation (02 — V?)y) = —m?¢ has plane wave solu-

tions of the form ¢ = e “Et=PT) gince dup = —iE, G0 = ipy1h, Oy =
ipy, and 0,9 = ip.1p. Then (87 — V)¢ = (—E* +p2 4+ py +p2)Y = —m*y
which is the 4-vector magnitude-squared E? — p2 — pf/ —p? =m2.

Expressed somewhat differently,

1 0 0 0 O
0 -1 0 0 Oz

@ -V =0 o 0 o) 00 -1 0 g, |V
00 0 -1 0.
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1 0 0 O —iEy
- 0O -1 0 O Pz
_(at Or Oy az) 0 0 -1 0 ipyy

0O 0 0 -1 P

—iE

—1ipg)

—ip.1

= ((_iE)Z + <_ipz)(ipm) + (_ipy)(ipy) + (_Z.pz)(ipz))@b

= (—E?+p2+ pg +p?)yp = —m?21). which is consistent with the 4-vector
magnitude-squared E? — p2 — pg — p?> = m?. This describes an unbound
spinless particle with mass m.

The Klein-Gordon equation is invariant under a Lorentz transformation
A since it preserves the Minkowski metric. That is,

1 0 0 0 O
0 -1 0 0 Oy
< 8t, al'/ 82/' aZ, ) O O _1 0 8@/ w
0 0 0 -1 Dy
O 1 0 0 0 o
- 9 |\l 0 =1 0 0 Oy
o T L R T Y I
0, 0 0 0 -1 R
1 0 0 0 O
0 -1 0 0 o)
— T x
_<8t 0 Oy aZ)A 0o 0o -1 o |A oy v
0 0 0 -1 0.
1 0 0 O o
0 -1 0 0 O
_<8t o Oy 83) 0 0 -1 0 dy v
0 0 0 -1 0.
10

The D’Alembert operator 6—28—; — V2 in the relativistic wave equation

(52— V2 =0

C

1 02 2 _ (1,00 1.0 29 392
can be expressed as Z g —V = (V"G +7 5 + 775, T775:)"
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Suppose (0%88722 — V) = k% = —m;202¢

Then the solution must satisfy

(1% + 7' 5 25 + PG = £k since
(A G+ 7o+

= ("% T 5 T S (ERY) = K.
Then (70% + c'yl% + 672% + 673%)111 = +igc).

Setting ¢ = 1, we get the Dirac equation(s) (ihy*0, Fm)y = 0 discussed
previously.

The D’Alembert operator can also be expressed as
2 Ny . .
C%% — V2~ (1(%5)2 + (1(% —|—J% + k%)2 or with c=1

2 . .
= V2= (1) + (i i + kL)

11 0 0 0 0/ 0
0 i 0 0 0/0y

0 0 0 kk /0.

We use the covariant derivative to get the general wave equation opera-
tor:

Vi
_ \%
(Vi Vu Vo Vo )G o
Vu
(& &y 0 0
where G™! = 0 <%7%>7 €u€y ) 80 )
0 0 <%7%>_ €€y 5 o
! 0 0 (& &
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(2,911 0 0 0
0 (2 2\e.e 0 0
d G = ou?’ Ju/~u™u
o 0 0 (2, 2vee, 0
0 0 0 (£, 2L)evey

and where the coordinates t,u,v,w are associated with the quaternion

basis 1, ey, €y, €.
Recall from Quaternion Space-Time that for a 4-vector V,
[V]]? = VIGV.

The wave equation operator is most easily calculated using the 4D form
of the Laplacian:

V2= A=0u(V=99""0y)-

For R-W spherical coordinates,

1 0 0 0
0 —R? 0 0

where G=1 5 o _Resin?y 0 !
0 0 0 —R?sin®xsin’0

Then —=0,(v/=g9" ) = 0} + A0:(v/~9)0: = 6R RO, + 07

and for $%, Vs = 750:(v/im"0;) = Z5[0x(/mmX0x) + 9s(/iin" 09) +
05(v/19%0y)]

R? 0 0
where 7;; = 0 RZ%sin’y 0
0 0 R?sin?xsin’0

and n = Det(n;;) = RSsintxsin?0

and /1 = |/ Det(n;;) = R¥sin*ysinf
Then

V%B = %[2R3sinxcosxsin9R728X + R3sinzxsin0R*28>2(
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+R3sin?xcosf(R%sin*x) 10y + R3sin®ysind(R?sin?x) 10}
+R3sm2xsin6(R2sinQXSmQH)*183)}

V%S = %[QRsmxcosxsinQ@X + Rsinzst'n@@f<

+Rcosf0y + Rsinf0} + Rcsc@@é]

V?gg = m[2sinxcosxsin98X+sinzxsin93>2<+sinxc05989+sin9892
+csct93q25]

= %[2001&){3 + 8 + esexcotfdp + csc?x 02 + csc X050298¢]

So, in Robertson-Walker coordinates on R* x S3, the wave equation
operator is,

o+ 6RRO, — Vi
= %—FGR*R@——[%OW@ +52+cscxcot909—|—csc X3 +csc? Xcsc2982]

The above equation is satisfied if both of the following equations are
solved simultaneously:

8—21# = %[32 + csc2xag + 0502xc50298§]¢ 9)
6R 1RO = [QCotxa + csexcotfogl (10)
To solve (9) set 1) = ePHHEX)+O0)+2(9)
Then B2 = 25 [(E" 4+ Z2) + csc?x (0" + ©72) + csc®xesc?0(P" + @)y
and B2 — 45 [(2"+E2) + esc?x (0" + 0) + csc?xesc?0(D” + '2)]yh = 0
So, [E% + gX(2" + 22) + ¢"(0" 4+ ©"%) + g? (" + &)y = 0

while at the same time (E? + gXXPi + 999P92 + g¢¢P¢%)¢ =0
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Setting Z + 22 = g2 P2, 0" + 0% = g2, P2, &' + &2 — ggd)Pg

We have =, ©, and ® as the solutions to the following differential equa-
tions:

B4 E? - g3 Pl =0; 0"+ 07 —gjyPi =0; " + 3% — g2 P> =0

In the special case where energy and momentum are constant the second
derivatives are zero so we have the solutions for (9):

W = eii(Et—R2PXX—R25m2XP99—R2sm2xsm20P¢¢)
From (10) we get:
HE = 5 [2cotxZ + cscxcotfO'] where H is the Hubble parameter.
6R
If both (9) and (10) are satisfied then the mixed equation will be satis-
fied but it is possible for a solution to satisfy the mixed equation without

satisfying either (9) or (10). Such a situation could indicate the presence of
‘exotic’ matter.

To determine the wave equation in Schwarzschild coordinates we again
use the 4D Laplacian.

V2= A=0u(V=99""0y)-

For RT x Rt x §2,

V? = %gaa(ﬁgaﬁ Jp) = ﬁ[at(ﬁgttat)+83(\/TQQRRaR)Jr@e(\/ng%@aH
dp(v/—99%%0)]
kg 0 0 0
0 —kz! 0 0
where go3 = 0 OR _R? 0
0 0 0 —R?sin%0
and g = Det(gag) = —R*sin%0

and /—g = R2%sinf

Then
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V2= \/%*g[at(\/jg)gttat + 3t(9tt)\/jgat + \/—799”3152
+0r(v=9)9" " 0R + Or(g™7)\/=gOr + /—gg" 0},

+09(v/=9)9% 09 + 09(9"") /=909 + /= 99" 0}

+05(V=9)9%? 05 + 05(97°) /=90 + /—99°* 2]

Then

V2 = [0} + Or(v/=9)9" Or + Or(9") v/ =90k + v/~ 99" 0%
+00(vV=9)9" 09 + 96(9°°) /=909 + \/—99"° 0}

+05(v/=9)9% 0 + Dp(9°°) V=90 + V=99°° 2]

Then

V2 = k' 7 + S [0r(v=9)9"ROr + On(9"R) v =g0r + V=g9" "3},
+00(v/=9)9" 09 + 06(9°°) /=909 + /=990

+04(v/=9)9%0 + 0y(9°?)\/ =90 + /= 99°* 03]

= K7 07 = Z5[Or(V)n" FOR + Or(n"F) 1Ok + /iR O%

+09 (/"9 + 09 (1) /710 + /10" O}

+0p (VN0 + 0 (n®?) /M0y + /> D3]
kgl 0 0
where 7;; = 0 R? 0
0 0 R?sin’

and n = Det(n;;) = kg R'sin?0

and /1 = /i;{l/QRQsinQ

We set Vi o, = 5[0r(/0)n™ R + Or(n™)\/nOR + /in" 0%

27



+89(\/ﬁ)n9989 + ag(n"@)\/ﬁag + \/ﬁn%’@g
+04 (/Mg + 0y (1°%) /10y + /I?* D3]
= J=lOr(y I )OR + i RO},

+0p (/1" )09 + /1" 0}

+05(/T*) Dy + 02

= = [0r(R?sin)0r + R*sinfo},

+0p(rg *sinf)dy + kg sinb0?

+0,(n7 )05 + ng 3]

= L{2Rsinf0 + R2sinf0% + rg,costdp + k" *sindd + k' 03)

-

2Rk }{*0p + R2ky) 0% + cotfdy + 83 + csch 2]

|
o

R

Then the wave equation operator in Schwarzschild coordinates is

—192 2
RO T VR

= k'O — S [2RRY%0R + R2k}20% + cotfdy + 3 + csc0d?]

In the weak field limit where kg =~ 1, V%{+X reduces to the Laplacian

S2
in ordinary polar coordinates. So, in the weak field limit the operator is as

. 2
mentioned above, % — V2.

Referring back to the article The Z-field (Energy-Momentum) we can
now summarize. We will call Type 1 equations the set {(9), (10), (12), (14)}
in that article and Type 2 the set {(9), (11), (13), (15)}.

Bosons:—Satisfy Type 1 with wavelength A— Satisfy Klein-Gordon Eqn
with p = %

Fermions:—Satisfy Type 2 with wavelength A\ — Satisfy Dirac eqn with

h.
p=5
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Footnote*: These matrices are constructed as follows:

Start with the quaternions in Myx4{0, £1}

1000 0 -1 0 0
(_|oroof._ |1t 0 00

0010 0 0 0 1

000 1 0 0 -10

0 0 10 0 0 0 -1
. 0 0 01 00 1 0
J= k=

-1 0 00 0 -1 0 0

0 -1 00 1 0 0 0

0 -1 0 O
where 7 = 1000
10 0 0 -1
0O 0 1 0
Then

(E07 Ela E27 E37 E4a E57 E6a E7) = (17 ":7 iv iivja lja ka ,Lk)
As stated previously, their multiplication table is

X EO E1 EQ E3 E4 E5 E6 E7
Eoy|FEy| E1 | B2 | B3 | By | Es | Eg | Er
E\|Ey|—Ey| B3 | —FEs| E5 | —Ey| E7 | —FEg
Eo | Es| Es | —Eo| —FE1| Es¢ | E7r | —F4| —Fj5
Es|Es|—Es | —Ev| Eo | Er | —FE¢ | —F5| Ey
Ey|\Ey| BE5 | —FE¢| —FE7| —FEo| —F1| FEy | Ej3
Es | FE5 | —Ey | —F7| Eg | —E1| FEo | B35 | —Eo
Ee | Fg| Er | By | B5 | —Es| —FE3| —FEy | —E1
E7 | Er|—E¢| E5 | —FE4| —E3| E2 | —E1| E

Octonians:

The following is the Cayley-Graves multiplication table for the octoni-
ans.(http://en.wikipedia.org/wiki/Octonion)
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X | e el €9 es3 €e4 €5 €6 er
€0 | €0 €1 €2 €3 €4 €5 €6 er
€1 | el —€p €3 —e€9 €5 —e€y (—67) (66)
ez [ ea | (—e3) | —eq | (e1) | e6 er —ey | —es
es |es| (e2) | —e1|(—eo) | er | —es | (e5) | (—ea)
eq |eq | (—es) | —es | —er | —eq | (e1) e e3
es | es | (eq) [ —er| e | —er|(—eo) | (—e3) | (e2)
€6 | €6 er eq | (—es) | —ea| (e3) —€o —€1
er | er | —¢€¢ €5 (ea) | —es | (—e2) | (e1) | (—eo)

Comparing this table to that for the E's derived above we can make the
association e; <+ E;. Then e;e; <+ E;FE; except for the entries in parentheses
in which case e;e; <+ —E;E);.

We observe a similar structure for the odd octonians

X | € €3 €5 er

€ | €0 €3 €5 er

ez | e3 | (—eo) | —erer | eres
es | es | eier | (—eo) | —eies
er | e7 | —eies | erez | (—ep)

as for the Pauli matrices

X I o1 (o) g3
I I 01 g9 o3
g1 | 01 I iO‘3 —iO‘g
o9 | 09 | —t03 I 101
o3| o3| io0y | —lo7 I

Let ¢(+01, 09, +03) = (Fes, £es, £er). Then er1¢(zy/i) = —d(z)(y).
Footnote**:

The solution

0 10
0 p 01 _ D
=1 = E1(Et—pT)
d) [E+m ﬁaf _ﬁy + 0 0 ]e
Py Dz 0 0

to the Dirac equation involves a slight abuse of notation.
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Let 0 =FEt—p-r

e 19 is the 4 x 4 matrix
cosf  sinb 0 0
“mo _ | —sinb  cost 0 0 _ o
e 0 0 cosd  sind cosOEy — sinfEq.
0 0 —sinf cosl
p. 0
9 Pz e~ E1(Et=PT) s to be understood to mean
Pz —Py
Py Da
p2(cosOEy — sinfEy) 0
0 Dz(cosbEy — sinfEq)
Dz(cosOEy — sinfEy) —py(cosdEy — sinfEy )

Py(cosOEy — sinbEy)  py(cosdEy — sindEy)

0.(cosdEy — sinfEy) 0

_ 5 0 0,(cosOEy — sinfEy)

T 9u(cosbEy — sinbEy)  —8,(cosOEy — sinfE;)
Oy(cosOEy — sinbEy)  0y(cosOEy — sinfEy)
—pz(—sinfEy — cosbEr) 0

_ 5 0 —px(—sindEy — cosfEr)

T —pu(—sinbEy — cosbE)  p,(—sinfEy — cosOE;)
—py(—sindEy — cosdE1) —py(—sindEy — cosfEq)
P (sindEg + cosOEy) 0

_ g 0 pz(sindEy + cosOEq)

T pa(sinBEy + cosbEy)  —p,(sinfEg + cosOEy)
py(sitn@Ey + cosbEy)  py(sinfEg + cosfEr)

pz(cosOEy — sindEy) 0

0 p2(cosdEy — sinfEy)
pz(cosOEy — sinfEy)  —py(cosOEy — sindEy)
py(cosOEg — sinfE1)  pi(cosdEy — sinfEy)

p: 0

= O pz e_El(Et_p'r).
Pz —DPy
Py Dz

It should also be noted that there is a diffeomorphism
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cost  sinf 0 0
—sinf cosl 0 0 H( cost sz’n9>

0 0 cost  sinf —sinf cosl
0 0 —sinf cosl

indicating that 8 traces out the equivalent of a circular path around the
torus

cost  sinf 0 0
—sind cosf 0 0
0 0 cos¢  sing
0 0 —sing cosp
So, in fact e EL(Et=PT) ~ o—i(Et-PT)

and our solution can be written as

p. O 10

0 p 01 |, _siimo.
— 1 z i(Et—p-T)
(b [E+m la;r _ﬁy * 00 ]e

Py Do 0 0

or as

— 1 ]52 1 —i(Et—p-T)

koo sk >k skoskosk sk sk skok sk sk sk skosk skosk skokosk sk sk skokok skok koksk

Text is available under the Creative Commons Attribution-ShareAlike
License (https://creativecommons.org/licenses/by-sa/4.0/)

32



